This article reviews our recent e¤orts to provide a rigorous description of the kinetics of nucleation processes from a mesoscopic and nonequilibrium perspective. Its usefulness to analyze di¤erent important aspects of the process, such as the validity of the Nucleation Theorem, the proper incorporation of translational and rotational degrees of freedom, and the influence of inhomogeneities and gradients in the process, is discussed. The theory sketched here provides a unified framework in which nucleation can be realistically described.
Introduction
Phase transitions are omnipresent phenomena in nature. The formation of liquid drops, bubbles or ice crystals in water are familiar manifestations of a process, which beyond its practical interest constitutes a fundamental problem in many areas of the scientific knowledge. The initial and crucial step in many of these phase transformations is the formation of small embryos or nuclei of the new phase within the bulk metastable substance. This fundamental mechanism of phase transformation is known as nucleation [1] [2] [3] [4] [5] .
Nucleation phenomena appear in a wide variety of forms. Condensation (liquid drop formation in a supercooled gas), cavitation (bubble formation in a superheated or stretched liquid), or crystallization occurring in simple systems, multicomponent mixtures, alloys or amphiphilic substances are fascinating examples of nucleation processes. But nucleation also plays a crucial role in very di¤erent areas of science and technology, such as atmospheric sciences, pharmacology, biology, medicine, physics, cryogenics, geophysics, metallurgics, etc., and specially in the manufacturing and developing of new materials.
Despite all this clear interest arising from many disciplines, nucleation remains an important fundamental problem not completely understood. The reason for that fact lies in the peculiar characteristics of this phenomenon.
To illustrate the physical nature of the nucleation process, let us consider a simple and well-known example: the condensation of a supersaturated metastable vapor. In the metastable phase, the phase transition is initiated by thermal fluctuations of the density which generate small aggregates of molecules (also called clusters) with the same properties of the stable phase; in our case, tiny liquid droplets. The formation of these small droplets is favored by the energy decrease associated to the lower chemical potential of the stable liquid phase, but it has to overcome the energetic cost associated to the creation of an interface between the two phases. The competition between these two e¤ects is what originates the nucleation barrier, as illustrated in Figure 1 .
Surface e¤ects are dominant for small clusters and hence tiny droplets tend to disintegrate. However, there exists a characteristic size beyond which volume e¤ects override surface contributions and clusters tend to grow spontaneously. This size n Ã is known as the critical size and the energy required in its formation constitutes the nucleation barrier. The rate at which critical-sized embryos are formed is the nucleation rate J, and its prediction is one of the major goals of nucleation theories.
The study of the kinetics of nucleation was initiated by the pioneering works of Volmer and Weber [6] , Farkas [7] , Becker and Dö ring [8] , Frenkel [9] and Zeldovich [10] , which constitute, collectively, the body of the Classical Nucleation Theory (CNT). This classical picture has dominated our understanding of the process during the last decades. In the last years, we have witnessed the sprouting of new and incredibly accurate experimental techniques and computer simulations able to measure actual nucleation rates and to explore the process at the molecular scale. These new findings have revealed the shortcomings of the Classical Nucleation Theory and impelled a renewed interest in the field.
Despite the significant e¤ort in the subject, several important questions remain open. The most crucial one is, of course, that current nucleation theories are in general still unable to predict accurately the experimental values of homogeneous nucleation rates.
The classical approach is limited by the use of macroscopic and equilibrium arguments to describe a mesoscopic nonequilibrium process such as nucleation. On the other hand, most theoretical work aimed to improve the classical treatment has been focused on calculating the equilibrium energy of formation of the critical nucleus, quite disregarding the importance of nonequilibrium aspects of the process.
Consequently, at the present state of the field, it becomes very important to develop a framework for the description of nucleation and growth processes that should be as realistic as possible, taking into account its two distinctive characteristics: the fact that the process occurs at the mesoscopic scale and its intrinsic nonequilibrium nature.
The main goal of this article is to review some of our recent e¤orts aiming to provide such a framework [11] . We shall present a consistent and complete framework to describe the nucleation kinetics that facilitates a more realistic and accurate description, retaining the potential nonequilibrium influences and the mesoscopic particularities of the process. Our formalism can be easily complemented with the results of previous theories, overcoming some of their drawbacks, and setting up a link with simulations. We will just present here a brief summary, outlining the main results and providing the references where the complete derivations and details can be found.
The contents of the present work have been organized in sections trying to focus on di¤erent and complementary aspects of nucleation kinetics. Section 2 is intended as a brief review of the classical approach to nucleation. In Section 3, we establish the basis for a kinetic description of nucleation by proposing a mesoscopic formalism able to derive kinetic equations for the probability distribution functions. These functions may depend on all relevant parameters specifying the state of a cluster, that is, geometrical parameters such as the size or the geometry, phase space variables such as the velocity, orientation, spatial position, etc., and their evolution is in general coupled to that of the environment in which the emerging clusters are embedded. The nucleation theory we propose thus goes beyond the classical formalism and can account systematically for the real conditions in which nucleation takes place. In Section 4, we shall discuss the so-called ''Nucleation Theorem'' and demonstrate its general validity (even at the molecular scale) on purely thermodynamics grounds. Within the framework developed in Section 3, we will clarify in Section 5 the proper accounting for translational and rotational degrees of freedom, and we shall obtain a new genuine nonequilibrium correction to the nucleation rate arising from the proper consideration of those degrees of freedom in the kinetics of the process. The correction we have found is significant and under some circumstances is able to achieve a remarkable agreement of the theoretical predictions with experiments. In Section 6, we shall analyze the potential influence of the metastable phase -in which the embryos of the new phase are embedded -in the process. In particular, we will discuss nucleation and growth in spatially inhomogeneous systems, in the presence of external temperature gradients, and under the influence of an external flow. In our goal to provide a more realistic description of the phase transformation, we will sketch in Section 7 how the subsequent steps of the phase transition, the growth and the space filling by the nucleated droplets, can be embraced in the same consistent nonequilibrium framework. Finally, we will summarize the main conclusions of our work.
Classical Nucleation Theory (CNT)
The objective of a nucleation theory is the description of the evolution of the population of clusters of the new phase. The classical nucleation theory assumes that the clusters of the new phase shrink and grow in size by gaining or losing single molecules. Consequently, the variation of the population of clusters of size n at each instant t is given by the following master equation:
where f ðn; tÞ is the number density of clusters constituted by n monomers at time t; k þ ðnÞ is the rate at which an n-cluster gains monomers (whose value can be estimated by kinetic theory of gases); and k À ðnÞ is the rate at which it loses particles. This last term can be related with the condensation rate k þ ðnÞ through the equilibrium distribution
where DGðnÞ is the minimum reversible work of formation of an n-cluster. This free energy is expressed, in the classical approximation, as the sum of volume and interfacial energy contributions
where Dm is the di¤erence of chemical potentials between the two phases, A is the area of the cluster, and s is the surface tension. The critical size n Ã is defined as the size at which the free energy has a maximum (see Figure 1) , and the rate Jðn Ã ; tÞ at which critical-sized embryos are formed is the nucleation rate.
In the stationary state, the value of the nucleation rate is given by
where Z is known as the Zeldovich factor [10] , N tot is the total number of gas molecules in the system, and the asterisk denotes properties evaluated at the critical size.
In general, nucleation kinetics is usually described by Fokker-Planck equations. 
Mesoscopic nonequilibrium thermodynamics description of nucleation kinetics
The first step in the kinetics of many phase transitions is, as we have seen, the formation of small embryos of the new phase within the bulk metastable substance. This is an activated process: a free energy barrier must be overcome in order to form embryos of a critical size, beyond which the new phase grows spontaneously.
Many nonequilibrium processes in nature possess this activated character, whose defining trait is a highly nonlinear response to the driving forces. This nonlinear character makes the conventional Nonequilibrium Thermodynamics [13] inapplicable to describe accurately activated processes.
Our purpose in this section is to present a simple theoretical framework to analyze the kinetics of homogeneous nucleation, which overcomes these problems and is based on mesoscopic nonequilibrium thermodynamics.
Mesoscopic nonequilibrium thermodynamics
The Mesoscopic Nonequilibrium Thermodynamics (MNET) [14] [15] [16] [17] [18] [19] [20] [21] , inspired by an early work by Prigogine and Mazur [22] , constitutes a powerful, systematic and easy method to describe the kinetics of nonequilibrium processes occurring at a mesoscopic scale, in terms of arbitrary coordinates or degrees of freedom.
The combination of the statistical definition of the entropy, which allows the description of a general system in terms of its probability density, with the systematic procedure of nonequilibrium thermodynamics, results in a powerful framework to describe the kinetics of a wide class of systems.
Let us assume that the state of a system is fully specified by a set of parameters g, which we will call internal coordinates, and which may represent, for instance, the velocity of a particle, the orientation of a spin, or the size of a macromolecule.
We will assume that the evolution of the system can be described by means of a diffusion process over a potential landscape DWðgÞ in the internal space. The equilibrium state of the system will then be characterized by the probability distribution function
where DWðgÞ is the minimum reversible work required to create that state of the system [23] .
The starting point is then the formulation of the Gibbs equation for the entropy variations resulting from this di¤usion process
where f ðg; tÞ is the probability density of finding the system at the state g a ðg; g þ dgÞ at time t, and mðgÞ is a generalized chemical potential whose expression mðg; tÞ ¼ k B T ln f ðg; tÞ f eq ðgÞ þ m eq ð8Þ (m eq being the value of the chemical potential at equilibrium) can be obtained by comparing Eq. (7) with the statistical mechanics definition of the entropy given by the Gibbs entropy postulate [13] .
Quite generally, the evolution of the probability density in the internal space is governed by the continuity equation
where Jðg; tÞ is a current or density flux in g-space which has to be specified. By combining Eqs. (9) and (7), one obtains the entropy production which is the Fokker-Planck equation governing the evolution of the probability density in g-space. In the previous expression,
is the di¤usion coe‰cient, whose value can be evaluated (for instance by simulations [24] ) using the Green-Kubo relation
where J r ðg; tÞ is the stochastic component of the current in g-space.
The general form of Eq. (12) makes that result applicable to a great diversity of situations.
MNET approach to nucleation kinetics
Adopting the previous picture of the evolution of a mesoscopic system, the process of nucleation and growth of the new phase can be viewed as a di¤usion process through the free energy barrier DWðgÞ that separates the metastable (vapor or liquid) phase corresponding to g 1 from the new stable (liquid or crystal) phase characterized by g 2 .
The formalism we have proposed then enables us to formulate a general FokkerPlanck equation in terms of an arbitrary mesoscopic coordinate g specifying the state of the system. Thus, one of its inherent advantages comes from the fact that it is not necessarily restricted to give a vision of the nucleation only focused on the kinetics of clusters. Contrarily, a suitable choice of the internal coordinate will lead to the Fokker-Planck equation corresponding to a di¤erent description of the nucleation process. Di¤erent choices are revised in Ref. [12] . For instance, when g is related to the number of molecules in the cluster n, the classical Fokker-Planck equation (5) describing the kinetics of nucleation is recovered.
In a similar way, our formalism is able to recover several descriptions proposed in the literature, overcoming some of their drawbacks. Moreover, using MNET is possible to formulate new equations that grant a more complete description of the process. For instance, within our framework we can easily propose a theoretical description of homogeneous nucleation in terms of a global order parameter, describing for instance the global degree of crystallization, as the one used by Frenkel and coworkers in their simulations [24] . We can also propose a kinetic description of the process in terms of the density functional, actually implementing a Dynamical Density Functional Theory. Finally, by considering the density profile and the velocity field as internal variables, we have developed a hydrodynamic description of nucleation kinetics. We have verified that the Fokker-Planck equations we have obtained apart from having the appropriate form, they are also consistent, at least in the quasi-stationary case. In fact, the quasi-stationary situation corresponds to low supersaturations (and slow rates), that are the typical experimentally a¤ordable conditions.
Moreover, our treatment links theory with simulations, in the sense that we propose Fokker-Planck equations as the ones commonly used at theoretical level, but their coe‰cients are susceptible to be determined from simulations. Our model facilitates the study of time-dependent nucleation and also may include potential e¤ects of a pre-existent clusters distribution.
The generalization of the nucleation theorem
The ''nucleation theorem'' [25] is a thermodynamic formula that establishes a relation between the energy of formation of a drop and its molecular content
Its relevance lies in the fact that it constitutes a powerful tool to analyze the experimental data on homogeneous nucleation. Assuming that the preexponential factor in the nucleation rate expression (4) depends only weakly on supersaturation, the nucleation theorem facilitates the knowledge of the size of the critical nucleus directly from measurements of the nucleation rate as a function of the supersaturation, and independently of any cluster model. Provided that there is still no consensus about the most correct expression for the energy of formation or even for the proper definition of a cluster, the nucleation theorem provides a useful test of validity of the different theories. That is the reason why it has been subject of intense investigations since it was conjectured in 1982 [26, 27] .
At the same time as the nucleation theorem became a common tool to infer the properties of the critical nucleus from experimental results, its credibility was put under scrutiny. The expression of the theorem was refined and its cogency was confirmed beyond the CNT, for more sophisticated cluster models. In addition, simulation results that explored the validity of the theorem at the molecular level found a remarkable agreement, even for tiny critical clusters. However, all the previous derivations were based on particular thermodynamic models, thus raising some doubts about its generality. Moreover, it was still conceivable that such an approach would fail for very small droplets.
The mesoscopic and nonequilibrium character of nucleation acted in support of those concerns, hiding the proper meaning and scope of the nucleation theorem. Its thermodynamic nature seemed to be in contradiction with its applicability to a nonmacroscopic and unstable entity such as a nucleating droplet.
Our purpose in this section is precisely to summarize our results about the validity and significance of the nucleation theorem [25] . First, we proved from di¤erent perspectives that the so-called nucleation theorem is a general relation.
In fact, the nucleation theorem was first proved by Hill in the context of his small systems thermodynamics [28] . The key idea proposed by Hill is that, although the methods of classical thermodynamics cannot be applied to analyze a single small system (for instance a cluster of molecular size), they are still valid for a large (macroscopic) ensemble of those small systems. In particular, for collection of N replicas of a system containing inside a small inhomogeneity (the drop) plus surrounding vapor, the first law would read
where X dN can be regarded as the reversible work required to introduce another replica in the system. By integrating this equation and substracting a homogeneous vapor as a reference state, one obtains
where W c is the reversible work involved in the creation of the drop (defined as the di¤erence between the values of X with and without the inhomogeneity present), and DS and DN are the average excesses of entropy and number of particles of the drop. The nucleation theorem follows as an immediate consequence of the previous equation
In addition, a similar relation holds for the entropy
The nucleation theorem can be derived and proved within a more conventional thermodynamic -and thus model independent -framework that puts emphasis on the generality and the validity of the theorem beyond the scope of nucleation. This derivation was accomplished by using a general formulation of the thermodynamics based on the concept of constraints [29] . This proof also shows that the theorem extends rigorously down to nonuniformities of molecular dimensions. In fact, we demonstrated the validity of the theorem at the molecular level by solving several examples of cavities and molecular-sized drops in a 1D hard rod system [25] . We have also shown a close connection, at the molecular level, between the nucleation theorem and the compressibility equation of state, and at the macroscopic level between the nucleation theorem and the Gibbs adsorption equation.
Finally, we have elucidated what is the physical meaning of the molecular ''excess'' appearing in the nucleation theorem, showing the usefulness of this relation to refine nucleation theories and establishing a definition of a physically meaningful cluster.
Nonequilibrium translational-rotational e¤ects
One of the most controversial issues in nucleation theory is the proper accounting for embryo degrees of freedom, sometimes referred to as the translational-rotational paradox. The controversy dates back to the work of Lothe and Pound [30] who pointed out that several important contributions to the free energy of formation of the critical cluster attributable to rotational and translational degrees of freedom had been neglected in Classical Nucleation Theory (CNT). The paradox emerged because the inclusion of these additional terms in the way they proposed, although aimed at restoring the consistency of the CNT, increased the nucleation rate by a factor on the order of 10 17 , thus destroying any reasonable agreement between theory and experiments.
Although the proper inclusion of these contributions continued being debated, the issue was never satisfactorily resolved until the recent work of Reiss, Kegel and Katz [31] . However, these corrections refer only to the influence of these degrees of freedom in the equilibrium sense. Translational and rotational degrees of freedom also arise from the motion and rotation of the clusters through the metastable phase. This is a purely nonequilibrium e¤ect, which may have a relevant influence in the nucleation kinetics.
Our purpose in this section is precisely to analyze the influence of the translational and rotational degrees of freedom in nucleation, stressing out the mesoscopic and nonequilibrium nature of the process [32] .
Equilibrium influence: the translational-rotational paradox
The paradox can be reconsidered and understood from a mesoscopic perspective. The central point in the paradox concerns the question of what is the correct volume scale to count states in the partition function and consequently to calculate the free energy of a mesoscopic cluster.
The contribution of the translational and rotational degrees of freedom to the equilibrium partition function originates from the di¤erent number of locations (configurations) in which the drop may appear inside the volume V of the system. It is thus a entropic contribution whose value is given in general by
where V =v 0 is the number of di¤erent configurations (possible locations of the clusters) and v 0 is the volume scale required to ''resolve'' a di¤erent position of the cluster. The paradox concerns the proper identification of this volume scale. In the original LP work, v 0 was assumed to be the standard quantum volume scale v oLP ¼ l 3 , l being the de Broglie length for the cluster, which implicitly assumes that cluster behaves as a big hard molecule and that its location can be described with maximum accuracy. However, for a mesoscopic object such as the cluster, a more proper volume scale turns out to be the one related to the volume fluctuation v 0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi k B Tkv 1 n p , which reflects the reasonable fact that a cluster cannot be located more precisely than its volume fluctuation. This criterion prevents the overcounting of configurations that originated the paradox and gives rise to a more reasonable correction to the nucleation barrier of the order of 10 4 [31] .
Nonequilibrium aspects: the e¤ects of motion
There is another influence of the translation and rotation of the cluster that is not contemplated in the paradox, which in fact concerns the movement and rotation of clusters. The movement of clusters may alter not only the rate at which the cluster collides and grows by the incorporation of molecules, but more importantly, the dynamics of the cluster size evolution.
To analyze the e¤ect of motion and rotation of the clusters in the nucleation rate, we extended the formalism of Section 3, retaining the linear and the angular velocity as internal variables [32] . Following the steps detailed in Section 3, it is possible to arrive to the Fokker-Planck equation describing the evolution of the cluster size distribution in terms of these variables
where G C ðn; u; wÞ, and CðGÞ ¼ DGðnÞ þ 1=2mðnÞu 2 þ 1=2I ðnÞo 2 is the energy required in the formation of a cluster of n molecules, moving with linear and angular velocities u and w. Time scale considerations indicates that the velocity distributions relax to equilibrium much faster that the cluster size distribution. Under these circumstances, the adiabatic elimination of these fast variables leads to the equation
which contains an e¤ective nucleation barrier given by
The conclusion is that translational and rotational motion of clusters in the spatial homogeneous medium introduces an e¤ective additional size-dependent contribution 4k B T ln n in the nucleation barrier, inherent to the di¤usion process and thus independent of the energy of formation of cluster at rest DGðnÞ. It is important to highlight that since this contribution is always positive, translational-rotational motion always increases nucleation barrier and consequently reduces nucleation rates.
By incorporating both the equilibrium, Eq. (20) , and nonequilibrium, Eq. (23), corrections to the CNT barrier, Eq. (3), we evaluated the corrected nucleation rates, given by Eq. (4), and compared them with the experimental results for the case of condensation of water, obtaining an excellent agreement, as shown in Figure 2 .
Homogeneous nucleation in inhomogeneous media
The analysis developed in previous sections has been focused on the simplest case of homogeneous, isothermal and isotropic nucleation, where one can leave spatial dependencies aside as the process occurs identically at any point of the system. But the real situation under which nucleation occurs very often does not correspond to those conditions. One has to take into account that the real process occurs in a media that in general has spatial, thermal or velocity inhomogeneities, which in turn may exert a relevant influence in the process [34] .
Our aim in this section is to present a more realistic model of nucleation and crystallization that considers the potential influence of the medium. We have focused on the simplest cases in which the medium may a¤ect the kinetics, namely the presence of spatial inhomogeneities, temperature gradients [35] , and the impact of flow and stresses in the nucleation process [36] .
In order to describe these inhomogeneous situations, we developed in Ref. [35] a local description of nucleation using MNET. We first applied it to describe nucleation in a temperature gradient. The resulting Fokker-Planck equation governing the evolution of the cluster distribution function in spatially inhomogeneous systems, in the di¤usion regime, is
and includes the e¤ects of di¤usion, thermal di¤usion and cluster formation, represented, respectively, by the three terms on the right hand side.
Using this equation, we performed a detailed analysis of the influence of inhomogeneities and thermal gradients in real experiments in thermal [37] and laminar flow [38] di¤usion cloud chambers. In brief, the conclusions derived from our analysis are that condensation in thermal and laminar flow di¤usion cloud chambers is not significantly a¤ected by di¤usion and thermal di¤usion e¤ects, when experiments are performed at normal conditions. However, in rarefied media, as in upper atmosphere or for substances with low equilibrium vapor pressures, it can become extremely relevant.
Another situation in which the nucleation process can be drastically influenced by the presence of a temperature gradient is the case of polymer crystallization. Precisely, polymers have low thermal conductivities, which set up very big gradients and high values of the Soret coe‰cient. Since both factors control the relevance of thermal diffusion, this is a sign that these e¤ects may become crucial in real crystallization.
Nucleation in a shear flow
Another interesting case in which the presence of the medium may exert an influence on the nucleation process arises from the presence of flows or, in general, stresses in the system. This factor is specially relevant in crystallization, which often involves mechanical processing of the melt, such as extrusion, shearing or injection.
The description of the process of nucleation in the presence of flows was carried out in the framework of MNET [36] . The resulting equation, in the di¤usion regime, was
where v 0 is the stationary velocity profile, and
is the e¤ective di¤usion coe‰cient, which becomes modified by the presence of the flow. In the previous expression, D o is the di¤usion coe‰cient of the melt,h h h h B is the Brownian viscosity and p is the pressure. We used this result to analyze the relevance of the flow in real experiments in laminar flow di¤usion chambers as well as in polymer crystallization.
The main e¤ects that the presence of a shear flow exerts on the nucleation process can be summarized as follows. On the one hand, the flow alters the transport and consequently the evolution of the growing clusters' distribution function, which has implications in the e¤ective nucleation and growth rate. On the other hand, the presence of a shear flow changes the spatial di¤usion coe‰cient of the clusters, as shown in Eq. (26) . Since the rate of addition of molecules to a cluster is roughly proportional to the di¤usivity of the molecules, variations of the di¤usion coe‰cient directly a¤ect the value of the nucleation rate. Moreover, the presence of the flow destroys the isotropy of the system and leads to a distinction between growth rates (and di¤usion) in di¤erent directions. Typical values of the parameters controlling this correction imply that this e¤ect is not very important for condensation. However, the high viscosity and the peculiarities of polymer crystallization suggest that the presence of a shear flow may promote drastic changes in the process, as has been observed experimentally [39] .
Crystallization beyond nucleation
The content of the previous sections has been mainly devoted to the analysis of the first step in the phase transformation, the nucleation process. The next stage in the dynamics of the phase transformation is the growth of the nucleated embryos to fill the whole space of the sample. The importance of a proper description of the growth stage becomes more relevant in crystallization than in condensation, since the crystallization process strongly dictates the final microstructure achieved by the solid, which in turn determines its mechanical and physical properties.
Our purpose in this section is to sketch how the phase transition proceeds beyond the nucleation step [11] . We will outline how the formalism we have developed in the previous sections can be implemented in the subsequent stages of the phase transformation process, to describe the filling of the space by the growing clusters.
It is convenient to introduce a simplified description of the advanced stages of the crystallization process in terms of the crystallinity w defined as the fraction of volume occupied by the crystal phase. The evolution of the crystallinity is usually described using the Avrami-Kolmogoro¤ [40, 41] equation
obtained from a stochastic geometrical model for the development and space-filling of the new phase. In Eq. (27) V is the virtual volume fraction, defined as the fraction of volume that the nucleated clusters would occupy at time t if they could grow freely, allowing the overlapping between clusters. To estimate this virtual volume, the required physical ingredients are the nucleation and growth rates, that is, the rate of appearance and growth of the new crystalline phase. Using the results of the previous sections, it is possible to calculate the virtual volume that appears in Eq. (27) . Since the modeling we have performed of the nucleation stage is able to account for the influence of di¤erent external conditions concerning nonequilibrium e¤ects, inhomogeneities, temperature gradients, and the presence of external flows, these influences, which may induce drastic changes in the process, are retained in the description of the space filling process, leading to a potentially more accurate and realistic description of the crystallization process beyond the nucleation stage [11] .
Conclusions
In this article we have been mainly concerned with the study of the kinetics of nucleation processes, which constitute the first step in many phase transformations. We have presented a mesoscopic nonequilibrium description of the nucleation kinetics. The theory we have introduced provides a consistent and general framework allowing a flexible description of the process. Our scheme is able to recover and complement the result of previous approaches, overcoming some of their drawbacks. Moreover, we have established the basis for di¤erent descriptions of the process in terms, for instance, of order parameters or of density functionals, which are promising alternatives to analyze the phenomenon in more detail. Besides, the framework we have presented sets up a link between theoretical approaches to homogeneous nucleation and simulations. In this context, our scheme o¤ers a theoretical framework to interpret and extend the results obtained in recent simulations, since it provides explicit and simulable expressions for the quantities involved.
The theory we have presented has confirmed its usefulness to clarify the mesoscopic subtleties of the process and to reveal potential nonequilibrium influences, in di¤er-ent circumstances. One of these cases refers to the proper meaning and scope of the thermodynamic relation known as ''nucleation theorem''. We have demonstrated from di¤erent perspectives that the so-called nucleation theorem is a general relation whose applicability extends down to the molecular level and whose scope goes beyond the context of nucleation. It is thus a relation of great power and should be useful in many contexts.
Another topic that has been subjected to intense controversy is the long-standing ''translational-rotational paradox''. In Section 5, we have clarified the paradoxical aspects that the inclusion of translational and rotational degrees of freedom has presented through a mesoscopic analysis of the problem. In addition, the role that translational-rotational degrees of freedom plays in nucleation theories has been reconsidered by the proper accounting for the e¤ects of motion of clusters in nucleation rate. Contrarily to the theories proposed up to now, we have adopted a nonequilibrium description more proper for a problem intrinsically out of equilibrium as nucleation is. In this sense, we have shown that when considering the process retaining the dynamics of the clusters a new, important, and genuine nonequilibrium correction to the nucleation kinetics arises.
Section 6 has been devoted to analyze the influence of the medium. Besides developing a general framework to describe nucleation in inhomogeneous situations, we have analyzed three particularly interesting situations: nucleation in spatially inhomogeneous conditions, subjected to a temperature gradient or in the presence of a flow. This last situation is especially relevant since it has been scarcely analyzed in the literature despite its significant importance in many real nucleation processes, such as for instance the processing and crystallization of polymer melts [34] . We have studied in detail the influence of the medium in real nucleation experiments in di¤usion chambers, and we have also discussed the potential importance of these e¤ects in polymer crystallization.
Finally, we have outlined how the results we have obtained for nucleation can settle the basis for a more realistic description of the next stage in the dynamics of the phase transformation: the growth of the nucleated regions up to fill the available space.
In a more general outlook, our results can be extended in many directions. Specially interesting is the task of extending our theory to the case of binary or ternary systems, which are very important in atmospheric processes [2] , to heterogeneous nucleation, or to incorporate and analyze the influence of external fields (electric fields [42] or light [43] ) and ions [44] in the process.
The range of application of our theory is by no means limited to these few particular cases. It constitutes a general framework in which, following systematically a small set of simple rules, one can derive kinetic equations for nucleation phenomena aiming to reproduce actual conditions and their influence in the process. Thus, the flexibility of the formalism we have presented may become very useful to the systematic description of more complicated situations. In addition, the intrinsic generality and multidimensional character of our theory facilitates its extension to other problems of interest.
